Let V be a simple vertex operator algebra and G a finite automorphism group. We give a construction of intertwining operators for irreducible V G -modules which occur as submodules of irreducible V -modules by using intertwining operators for V .
Introduction
Let V be a simple vertex operator algebra (cf. [1] , [8] and [9] ), and G a finite automorphism group. It is an important problem to understand the module category for the vertex operator algebra V G of G-invariants. In [2] , this question was asked and several ideas are proposed.
For a simple vertex operator algebra V , it is shown in [6] that every irreducible V -module is a completely reducible V G -module as a natural consequence of a duality theorem of Schur-Weyl type. In this paper we give a construction of intertwining operators for irreducible V G -modules which occur as submodules of irreducible V -modules by using intertwining operators for V .
Let's state our results more explicitly. Firstly, we need to recall the results of Dong-Yamskulna [6] . For an irreducible V -module (L, Y L ) and a ∈ G we define a new irreducible V -module (L • a, Y L•a ). Here L • a is equal to L and Y L•a (u, z) = Y L (au, z). Let S be a finite set of inequivalent irreducible V -modules which is closed under this right action of G. In [6] they define a finite dimensional semisimple associative algebra A α (G, S) over C and show a duality theorem of Schur-Weyl type for the actions of V G and A α (G, S) on the direct sum of V -modules in S which is denoted by L. That is, as a A α (G, S) ⊗ V G -module, L = (j,λ)∈Γ W (j,λ) ⊗ M (j,λ) , where {W (j,λ) } (j,λ)∈Γ is the set of all inequivalent irreducible A α (G, S)-modules and M (j,λ) is the multiplicity spaces of W (j,λ) in L. Each M (j,λ) is a nonzero irreducible V Gmodule and the different multiplicity spaces are inequivalent V G -modules. In this paper we consider intertwining operators for irreducible V G -modules constructed from irreducible V -modules in this way.
For each i = 1, 2, 3 let S i be a finite set of inequivalent irreducible Vmodules which is closed under the action of G and let L i be the direct sum of V -modules in S i . We have the decomposition
L 1 L 2 is the set of all intertwining operators of type (j 2 ,λ 2 ) }. I (j 1 ,λ 1 ),(j 2 ,λ 2 ) is a A α 3 (G, S 3 )-submodule of I. We will construct an injective linear map from the multiplicity space of W 3 (j 3 ,λ 3 ) in I (j 1 ,λ 1 ),(j 2 ,λ 2 ) to the set of all intertwining operators for V G of type . Therefore, the fusion rule for V G of type is greater than or equal to the
. This paper is organized as follows. In Sect.2 we first recall a construction of irreducible V G -modules from irreducible V -modules in [6] . We also recall the definitions of intertwining operators and fusion rules. In Sect.3 we give a construction of intertwining operators for irreducible V G -modules which occur as submodules of irreducible V -modules. In Sect.4 we apply the main result to determine some fusion rules for a vertex operator algebra W studied in [3] . In Appendix, we give some singular vectors in W-modules used in Sect. 4.
Preliminary
We assume that the reader is familiar with the basic knowledge on vertex operator algebras as presented in [1] , [8] , and [9] .
The following notation will be in force throughout the paper: V = (V, Y, 1, ω) is a simple vertex operator algebra and G a finite automorphism group of V . For any V -module L, we always arrange the grading
by using a grading shift.
Irreducible V G -modules constructed from irreducible V -modules
In this subsection we review the results of Dong-Yamskulna [6] . For a simple vertex operator algebra V , they showed that every irreducible V -module is a completely reducible V G -module as a natural consequence of a duality theorem of Schur-Weyl type.
Let (L, Y L ) be an irreducible V -module and a ∈ G. We define a new
Now we take a finite G-stable set S consisting of inequivalent irreducible V -modules. Let L ∈ S and a ∈ G. Then there exists
Define a vector space CS = L∈S Ce(L) with a basis e(L) for L ∈ S. The space CS is an associative algebra under the product e(L)
Define the vector space A α (G, S) = C[G] ⊗ CS with a basis a ⊗ e(L) for a ∈ G and L ∈ S and a multiplication on it:
Then A α (G, S) is an associative algebra with the identity element L∈S 1 ⊗ e(L).
We define an action of
Note that the actions of
We recall the following properties of A α (G, S).
We can realize L λ as a subspace of L in the following way: Let w ∈ U(L, λ) be a fixed nonzero vector. Then we can identify
A duality theorem of Schur-Weyl type holds.
Moreover,
Intertwining operators and fusion rules
We recall the definition of intertwining operators for V -modules which is introduced in [8] .
(1) For any fixed γ ∈ C, v γ+n w = 0 for n ∈ Z sufficiently large. 
3 Intertwining operators for irreducible V G -modules which occur as submodules of irreducible V -modules
In this section we give a construction of intertwining operators for irreducible V G -modules which occur as submodules of irreducible V -modules by using intertwining operators for V .
Let
We define a map Ψ : I → L 3 {z} by
Proof. We use the same method that was used in the proof of Lemma 3.1. of [5] . Assume false. Then there is a nonzero X ∈ KerΨ. Since
, and L 3 ∈ S 3 . We may also assume
Using the associativity of intertwining operators [4, Proposition 11.5],
for homogeneous u ∈ V is an epimorphism by Lemma 6.13 of [6] . So there exists
Therefore, for all u ∈ V we have
Using the commutativity of intertwining operators [4, Proposition 11.4],
Since S 2 consists of inequivalent irreducible V -modules, we have
for the same reason to obtain formula (2). So We have the decomposition of each L i as a A α i (G, S i )-module in Theorem 1:
.
In particular,
Proof. For convenience, we set
as follows: For
ji by the definition of M j for j = 1, 2. We define
Since f i are intertwining operators, we have Φ(F )
We will show that Φ is injective. Suppose Φ(F ) = 0. Then
Since Ψ is injective by Lemma 4, F (w 30 ) = 0. Since W 3 is an irreducible A 3 -module and
Let CG be the group algebra of G and IrrG the set of all irreducible characters of G. We set S i = {V } (i = 1, 2, 3) in Theorem 2. Then A α i (G, S i ) = CG and Γ i = IrrG. Note that dim C I V V V V = 1 since V is simple. In this case we have the following result:
In [2, Section 3], it is conjectured that if V is rational then for all χ 1 , χ 2 ∈ IrrG,
The conjecture implies that if V is rational then the representation algebra of the finite group G is always realized as a subalgebra of the fusion algebra of V G .
An application
In [3] we studied a vertex operator algebra W which is a realization of an algebra denoted by [Z
3 ] in [7] . W is a fixed point subalgebra of a vertex operator algebra M 0 k . It is expected that the Z 3 symmetry of W affords 3B elements of the Monster simple group [11] . For M 
Subalgebra
In this subsection we review some properties of M 0 k in [12] . Let A 2 be the ordinary root lattice of type A 2 and V √ 2A 2 the lattice vertex operator algebra associated with √ 2A 2 . Let α 1 , α 2 be the simple roots of type A 2 and set
For basic definitions concerning lattice vertex operator algebras we refer to [4] and [9] . Our notation for the lattice vertex operator algebra is standard [9] . In particular, h = C ⊗ Z √ 2A 2 is an abelian Lie algebra, h = h ⊗ C[t, t −1 ] ⊕ Cc is the corresponding affine Lie algebra, M(1) = C[α(n) ; α ∈ h, n < 0}, where α(n) = α ⊗ t n , is the unique irreduciblê h-module such that α(n)1 = 0 for all α ∈ h, n > 0, and c = 1. As a vector space V √ There exists an isometry τ of
The isometory τ lifts naturally to an automorphism of
By abuse of notation, we denote it by τ . Let G be the cyclic group generated by τ . Set
It is shown in [12] that {M 
k . We recall some properties of W in [3] . W is generated by the Virasoro element ω and an element J of weight 3. Let Y (ω, z) = n∈Z L(n)z −n−2 and Y (J, z) = n∈Z J(n)z −n−3 . They satisfy the following commutation relations:
W has exactly 20 irreducible modules. 8 irreducible W-modules occur as submodules of irreducible M 0 k -modules. We introduce those 8 W-modules. τ acts on the irreducible M 0 k -modules as follows: 
All the other irreducible W-modules occur as submodules of irreducible
An upper bound for the fusion rule
We review some notations and formulas for the Zhu algebra A(V ) of an arbitrary vertex operator algebra V in [14] and the
of an arbitrary V -module L in [10] and [13] . For u, v ∈ V with u being homogeneous, define two bilinear operations
We extend * and • for arbitrary u, v ∈ V by linearity. Let O(V ) be the subspace of V spanned by all u
is a two-sided ideal with respect to the operation * and (A(V ), * ) is an associative algebra with identity 1 + O(V ). For every
Let L be a V -module. For u ∈ V, v ∈ L with u being homogeneous, define three bilinear operations
We extend * and
is a two-sided ideal with respect to the operation * .
, we have an upper bound for every fusion rule.
The fusion rules for irreducible W-modules which occur as submodules of irreducible
and L 2 occur as submodules of irreducible M 0 k -modules. In this subsection we determine the fusion rule of type
As a first step, we give a lower bound for every fusion rule by using Theorem 2.
Lemma 6. (1)
The fusion rule of following types is greater than or equal to 1: Let i, j ∈ {0, 1, 2}.
(2) The fusion rule of following types is greater than or equal to 2:
Proof. We use notations in Section 3. The fusion rules for M 0 k are obtained in [12] .
(1) We consider the case that
be a nonzero intertwining operator. Then τ f = f by the construction of intertwining operators in [12] . So
We can compute the other cases in the same way.
(2) We consider the case that
We define an action of τ on {a, b, c} by τ (a) = b, τ (b) = c and τ (c) = a. It is possible to take
We will show that every fusion rule meets the lower bound obtained in Lemma 6. We use Lemma 5. For an irreducible W-module N = ∞ n=0 N(n), we fix a nonzero vector in N(0) and denote it by w N . By the same argument as in [3, Lemma 5.2] , N is spanned by the vectors of the form
with 
in A(N). Using formula (6) and commutation relations (4) 
Proof. For an irreducible W-module N, h N denotes the eigenvalue for L(0) on N(0) and k N denotes the eigenvalue for J(0) on N(0). For all irreducible Wmodules those eigenvalues are computed in [3] . For irreducible W-modules
is lower than or equal to the number of generators of A(L 1 ) as a A(W)-bimodule since the dimension of top level of every irreducible W-module is 1.
The simplicity of W implies that
is lower than or equal to the lower bound for dim C I W ) is generated by {J(−1)
Since w 1 is a singular vector, we have a relation
) by using formulas (6) . Therefore,
2 , L 3 ) = 0 otherwise. Combining these results and Lemma 6, we have
, we can compute the fusion rules in the same way. In the case L 
Therefore, F (W
We have 
In the case that L 1 is one of M 
